We obtain the explicit representation of Legendre surfaces in the unit 5-sphere with harmonic mean curvature vector field, under the condition that the mean curvature function is constant along a certain special direction.
Introduction
It is well-known that an odd-dimensional unit sphere S 2n+1 is equipped with the standard Sasakian structure (g, φ, η, ξ) (see, Section 2). The study of minimal Legendre submanifolds in S 2n+1 is a very active field and closely related to one of minimal Lagrangian submanifolds in complex projective space.
A natural generalization of a minimal submanifold is a submanifold with parallel mean curvature vector field. However, Legendre submanifolds in S 2n+1 with parallel mean curvature vector field are in fact minimal (see, [11] ). So, as a generalization of minimal Legendre submanifolds, it is natural to consider Legendre submanifolds whose mean curvature vector field H is harmonic with respect to the normal Laplacian ∆ D (see, Section 2) , that is,
The purpose of this paper is to study the class of nonminimal Legendre surfaces satisfying (1.1) in the unit 5-sphere. The mean curvature function ||H|| of such surfaces is not constant (see, Lemma 2 in Section 3). From this, the class seems to be very large. Thus, we need to add some natural condition. On nonminimal Legendre submanifolds, there exists a special vector field: φH. Moreover in case the dimension is 2, up to signs, there is a unique unit vector field normal to φH. We denote it by (φH) ⊥ . In this paper, under the condition that the square of the mean curvature function is constant along one of φH and (φH) ⊥ , we completely determine nonminimal Legendre surfaces satisfying (1.1) in the unit 5-sphere as follows: 
2 Legendre submanifolds in the unit sphere Let C n+1 be the complex Euclidean (n + 1)-space together with the canonical complex structure J. Denote by S 2n+1 the unit sphere with the standard induced metric g in C n+1 . The position vector field x of S 2n+1 is a unit normal vector field of S 2n+1 in C n+1 and the vector field ξ := −Jx is tangent to S 2n+1 . Define a 1-form η and an endomorphism field ϕ on M by the formula:
It is easy to see that (g, ϕ, η, ξ) satisfies
Thus (g, ϕ, η, ξ) is a contact metric structure of S 2n+1 .
Denote by ∇ the Levi-Civita connection of S 2n+1 . Then
These formulas imply that S 2n+1 is a Sasakian manifold. An immersed n-submanifold x : M n → S 2n+1 is said to be a Legendre submanifold if x * η = 0. The formulas of Gauss and Weingarten of x are given respectively bȳ
where X, Y ∈ T M n , V ∈ T ⊥ M n , ∇, h, A and D are the Levi-Civita connection of M n , the second fundamental form, the shape operator and the normal connection. The mean curvature vector H is given by H = 1 n traceh. Its length ||H|| is called the mean curvature function of M n . The normal Laplacian is defined by
where {e i } is a local orthonormal frame of M n .
For Legendre submanifolds we have [1]
Moreover a straightforward computation shows that the equations of Gauss, Codazzi, Ricci of Legendre submanifolds in the unit sphere are equivalent to
3 The proof of Theorem 1
We assume that the mean curvature function is nowhere zero. Let {e i } (i = 1, . . . , 5) be an orthonormal frame along M 2 such that e 1 , e 2 are tangent to M 2 , φe 1 = e 3 , φe 2 = e 4 , ξ = e 5 and H = α 2 φe 1 , with α > 0. Then, it follows from (2.1) and (2.
2)
−e 1 b + 3cω 2 1 (e 1 ) = e 2 c + 3bω
3)
Suppose that M 2 satisfies ∆ D H = 0. Then we have the following three lemmas (see p.290 and 291 in [10] ).
Lemma 2.
where ∆ M is the Laplace operator acting on C ∞ (M ).
Note that α is not constant by (3.5), since α is nowhere zero.
Lemma 3. There exists local coordinates x, y such that
e 1 = α∂ x , e 2 = α∂ y , ω 2 1 (e 1 ) = α y , ω 2 1 (e 2 ) = −α x .
Lemma 4. The following relation holds:
The allied mean curvature vector a(H) is defined by Suppose that M 2 is not Chen surface, i.e., b = 0. Then we may assume that b > 0, if necessary by changing the sign of e 2 . By differentiating (3.8) we get
where i = x, y.
Using (3.9) we replace (3.2) and (3.3) by the derivatives with respect to x and y as follows:
First we investigate the case of φH||H|| = 0, i.e., α x = 0. Then using (3.8) and (3.10) we get
By a long but straightforward computation, we obtain bc xy = (−24α Since bc xy = bc yx , we find that α 2 y + αα yy = 0 or c = 0 or α = 2c. If α 2 y + αα yy = 0, it contradicts to (3.5). If c = 0 or α = 2c, it is a contradiction to b = 0 by (3.8).
Next, we investigate the case of (φH) ⊥ ||H|| = 0, i.e., α y = 0. Similarly as in the case of α x = 0, we have 
Hence we get α 2 x + αα xx = 0 or c = 0 or α = 2c, since bc xy = bc yx . It is a contradiction as mentioned above.
Therefore we conclude that b must be 0, i.e., M 2 must be a Chen surface if φH||H|| In this section, we show a way to construct Legendre surfaces satisfying ∆ D H = 0 and (φH) ⊥ ||H|| 2 = 0 and φH||H|| 2 = 0.
One can obtain the following existence and uniqueness theorem by the similar way to those given in [6] and [5] (cf. [7] ).
Theorem 6. Let x 1 , x 2 : M n → S 2n+1 be two Legendre isometric immersions of a connected Riemannian n-manifold into the unit sphere S 2n+1 with second fundamental forms h 1 and h 2 . If
Let f (t) be a solution of the following ODE:
We put α(x, y) := e f (x−y) . Let (M 2 , g = 1 α 2 (dx 2 + dy 2 )) be a Riemannian 2-manifold. We define a symmetric bilinear form σ on M 2 by σ(e 1 , e 1 ) = 3 4
where e 1 = α∂ x and e 2 = α∂ y . By a straight-forward computation, we find that ((M 2 , g), σ) satisfies (1), (2) and (3) 
